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In the framework of ’t Hooft’s quantization proposal, we show how to obtain from the composite
system of two classical Bateman’s oscillators a quantum isotonic oscillator. In a specific range of
parameters, such a system can be interpreted as a particle in an effective magnetic field, interacting
through a spin-orbit interaction term. In the limit of a large separation from the interaction region
one can describe the system in terms of two irreducible elementary subsystems which correspond
to two independent quantum harmonic oscillators.
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I. INTRODUCTION
In a series of papers [1, 2] Gerard ’t Hooft has put
forward the conjecture that the origin of the quantum
mechanical nature of our world is in the dissipation of
information which should occur at very high energies
(Planck scale) in a regime of deterministic dynamics.
The basic observation of ’t Hooft is that there exists
a family of dynamical systems that can be described by
means of Hilbert space techniques without loosing their
deterministic character. Only after enforcing certain con-
straints expressing information loss, one obtains bona fide
quantum systems. In this picture the quantum states of
actually observed degrees of freedom (observables) can
be identified with equivalence classes of states that span
the original (primordial) Hilbert space of truly existing
degrees of freedom (be-ables). It is important to remark
that be-ables are not referring to conventional macro-
scopic variables, such as a pointer on a detection device,
but rather to a set of what ’t Hooft calls “primordial”
variables. Conventional variables, like mass, energy, po-
sition, etc., are viewed as emergent (non-primordial) de-
grees of freedom that are described in terms of states in
a quotient Hilbert space.
’t Hooft proposal has been discussed in a number of pa-
pers [3–7] and explicit examples of the above scheme have
been constructed, eg. in Refs. [2, 8–13]. In particular, in
Ref. [8] the Hamiltonian for a couple of classical damped-
amplified oscillators [14], also known as Bateman’s dual
oscillator (BO), has been shown to be a suitable deter-
ministic system giving rise to a genuine quantum har-
monic oscillator, once the information loss condition had
been implemented.
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In the explicit realizations of ’t Hooft quantization
scheme so far considered, only non-interacting quantum
systems have been constructed. It is thus important to
study deterministic systems which would give rise to in-
teracting quantum systems, after appropriate constraints
are imposed. In this paper, we accomplish this task and
consider the composite (deterministic) system made of
two couples of classical damped-amplified oscillators. Of
course, the results of Ref. [8] apply to each of the Bate-
man’s dual oscillators separately. We show that the
condition of information loss (ILC) when applied to the
global system composed of two BO determines the form
of the interaction of the resulting quantum system, which
turns out to be a quantum isotonic oscillator [15]. In a
specific range of parameters, the system can be also in-
terpreted as a particle in an effective magnetic field in-
teracting through a spin-orbital interaction term.
The plan of the paper is the following. As preliminar-
ies, in the Sections II and III we summarize the main
features of ’t Hooft proposal and of the formalism intro-
duced in Ref. [8], respectively. This will turn out to be
useful for the subsequent discussion in Section IV, where
we show how the constraint of information loss imposed
on the global system dictates the interaction between the
component subsystems. Section V is devoted to final
remarks and possible avenues for future investigations.
Section VI contains the conclusions. Some further math-
ematical details are confined into the Appendices.
II. ’T HOOFT’S QUANTIZATION SCHEME
In this section we briefly outline ’t Hooft’s continuous-
time quantization proposal [2]. To this end we consider
the dynamics at the primordial, deterministic, level as
described by the equations
q˙i = fi(q) , (1)
with a vector field fi on some configuration space Q ⊆
R
n. The system (1) is generally non-Hamiltonian but it
2can be lifted [16] to a Hamiltonian system on the phase
space Γ = Q×Rn, provided one defines the Hamiltonian
H : Γ 7→ R as
H =
∑
i
pifi(q) + g(q) . (2)
Here (p,q) = (p1, . . . , pn, q1, . . . , qn) denote the canoni-
cal coordinates on Γ and g is certain function on Q to
be discussed shortly. Note that, due to the particular
(linear) form of the Hamiltonian in the pi variables, the
system described by Eq.(1) is autonomous in the qi vari-
ables.
Besides, we have:
qi(t+∆t) = qi(t) + fi(q)∆t +
1
2
fk(q)
∂2H
∂pi∂qk
(∆t)2
+ · · · = Fi(q(t),∆t) , (3)
where Fi is some function of q(t) and ∆t but not p. Since
(3) holds for any ∆t we get the Poisson bracket
{qi(t′), qk(t)} = 0 , (4)
which holds for any t and t′.
Because of the autonomous character of the dynamical
equation (1) one can define a formal Hilbert space H
spanned by the states {|q〉;q ∈ Rn}, and associate with
pi the operator pˆi = −i∂/∂qi. It is not difficult to see
that the generator of time translations, the Hamiltonian
operator, of the form Hˆ =
∑
i pˆifi(qˆ)+g(qˆ) generates the
deterministic evolution equation (1) (see footnote [17]).
Indeed, we firstly observe that because Hˆ is generator of
time translations then in the Heisenberg picture
qˆi(t+∆t) = e
i∆tHˆ qˆi(t)e
−i∆tHˆ , (5)
which for infinitesimal ∆t implies
qˆi(t+∆t)− qˆi(t) = i∆t[Hˆ, qi(t)] ,
⇒ ˙ˆqi = fi(qˆ) . (6)
On the other hand, for arbitrary finite ∆t we have from
(5)
qˆi(t+∆t) =
∞∑
m=0
1
m!
[Hˆ, [Hˆ, [· · · [Hˆ, qˆi(t)]] · · · ]]
= F˜i(qˆ(t),∆t) . (7)
On the first line Hˆ appears in the generic term of the
sum m times. On the second line F˜i is some function of
qˆ(t) and ∆t but not pˆ which immediately implies that
[qˆi(t), qˆj(t
′)] = 0 , (8)
for any t and t′ (this in turn gives Fi = F˜i). Re-
sult (8) shows that the Heisenberg equation of the mo-
tion for qˆi(t) in the q-representation is identical with
the c-number dynamical equation (1). This is because
qˆi(t+∆t) and qˆi(t) commute, and hence qˆi(t+∆t), qˆi(t),
fi(qˆ) and also dqˆi(t)/dt can be simultaneously diagonal-
ized. In this diagonal basis we get back the c-number
autonomous equation (1). From the Schro¨dinger picture
point of view this means that the state vector evolves
smoothly from one base vector to another (in Schro¨dinger
picture base vectors are time independent and fixed). So
at each instant the state vector coincides with some spe-
cific base vector. Because of this, there is no non-trivial
linear superposition of the state vector in terms of base
vectors and hence no interference phenomenon shows up
when measurement of q-variable is performed.In other
words, the operators qˆi evolve deterministically even af-
ter “quantization”.
Dynamical variables fulfilling Eq.(8) were first consid-
ered by Bell [18] who called them be-ables as opposed
to observed dynamical variables which in QM are called
observables.
The Hamiltonian (2) is unbounded from below. This
fact is not really a problem since the dynamics of be-ables
is actually described by Eq.(1). However, at the observa-
tional (emergent) level Hamiltonians are key objects as
they are tightly connected with the concept of energy of
the system and so they must be bounded from below.
In order to introduce a lower bound for the Hamilto-
nian Hˆ , we consider a positive function of the qˆi alone,
ρ(qˆ), commuting with Hˆ : [ρˆ, Hˆ ] = 0. We can then write
Hˆ = Hˆ+ − Hˆ−,
Hˆ+ =
1
4ρˆ
(
ρˆ+ Hˆ
)2
, Hˆ− =
1
4ρˆ
(
ρˆ− Hˆ
)2
, (9)
where Hˆ+ and Hˆ− are positive-definite operators satis-
fying
[Hˆ+, Hˆ−] = [ρˆ, Hˆ±] = 0. (10)
One then requires that the states at the observational
level, also called physical states |ψ〉phys, must satisfy the
constraint [1, 2]
Hˆ−|ψ〉phys = 0 , (11)
which will be henceforth referred to as the information
loss condition (ILC). This equation identifies the states
that are still distinguishable at the observational scale.
It is interesting to interpret, in full generality, such a
constraint as a “coarse-graining” operation induced by
an operator Φˆ describing the process of information loss
occurring when passing from the be-able to the observa-
tional level (see Section V for further remarks on Φˆ). In
the case of Eq.(11), we have
Φˆ = Hˆ− . (12)
Such a constraint is, according to Dirac’s classifica-
tion [19], a first class primary constraint because [Φˆ, Φˆ] =
0 and [Φˆ, Hˆ ] = 0. First-class constraints generate
3gauge transformation and produce equivalence classes of
states [19], which are generally non-local. States belong
to the same class, even if space-like separated, when they
can be transformed into each other by gauge transforma-
tions generated by Φˆ. Let G be the group of these gauge
transformations.
The above equivalence classes represent the physical
states, namely the ones accessible at observational level
in Quantum Mechanics. Denoting with O the space
spanned by the observables, we identify it with the quo-
tient space
O = Hc/G . (13)
From Eq.(11), we see that physical states have positive
energy spectrum, since
Hˆ|ψ〉phys = Hˆ+|ψ〉phys = ρˆ|ψ〉phys . (14)
Thus, in the Schro¨dinger picture the equation of motion
d
dt
|ψt〉phys = −iHˆ+|ψt〉phys , (15)
has only positive frequencies on physical states.
In Ref. [2] ’t Hooft observed that when the dynami-
cal equations (1) describe configuration-space chaotic dy-
namical systems, the equivalence classes could be related
to their stable orbits (e.g., limit cycles). Information loss
is responsible for clustering of trajectories to equivalence
classes: after a while one cannot retrace back the ini-
tial conditions of a given trajectory; one can only say
to which attractor the evolution leads. Applications of
the the outlined canonical scenario were given, e.g., in
Refs. [8–10].
III. TWO BATEMAN’S DUAL OSCILLATORS:
LOCAL ILC
A couple of damped-amplified harmonic oscillators (i.e.
a Bateman’s dual oscillator) was considered in Ref. [8] as
an explicit example yielding ’t Hooft’s be-able dynamics.
There, the ILC — Eq. (11), gave rise to a genuine one-
dimensional quantum harmonic oscillator.
In the present section we consider two BO, labeled by
the index i = A,B:
mix¨i + γix˙i + κixi = 0 , (16)
miy¨i − γiy˙i + κiyi = 0 , (17)
where mi = (mA,mB), γi = (γA, γB) and κi = (κA, κB).
The yi–oscillator is the time–reversed image of the xi–
oscillator. In the following, as a preliminary to the dis-
cussion of section IV, we will closely follow the treatment
presented in Ref. [8], where the reader can find details
here omitted for brevity.
The Lagrangian for the ith-couple of oscillators is
Li = mix˙iy˙i + γi
2
(xiy˙i − x˙iyi)− κi xiyi , (18)
and the conjugated momenta are
pxi =
∂Li
∂x˙i
= miy˙i − 1
2
γiyi ,
pyi =
∂Li
∂y˙i
= mix˙i +
1
2
γixi . (19)
Therefore the Hamiltonian for ith oscillator reads
Hi =
1
mi
pxipyi +
γi
2mi
(yipyi − xipxi)
+
(
κi − γ
2
i
4mi
)
xiyi . (20)
In order to show that Hi belongs to the class of ’t Hooft’s
Hamiltonians, it is convenient to reformulate the former
system in a rotated coordinate frame, i.e.
x1i =
xi + yi√
2
, x2i =
xi − yi√
2
.
In these new coordinates the ith Lagrangian has the form
Li = mi
2
(x˙21i − x˙22i) +
γi
2
(x˙1ix2i − x1ix˙2i)
− κi
2
(x21i − x22i) . (21)
For the new canonical momenta pαi = ∂L/∂x˙αi, where
xαi ≡ (x1i, x2i) and pαi ≡ (p1i, p2i), we obtain
p1i = mix˙1i +
1
2
γix2i , (22)
p2i = −mix˙2i − 1
2
γix1i , (23)
and thus the corresponding ith Hamiltonian reads
Hi =
1
2mi
(p21i − p22i)−
γi
2mi
(p1ix2i + p2ix1i)
+
1
2
(
κi − γ
2
i
4mi
)
(x21i − x22i) . (24)
The algebraic structure for the total system HT = HA+
HB is the one of su(1, 1) ⊗ su(1, 1). Indeed, from the
dynamical variables pαi and xαi one may construct the
functions
J1i =
1
2miΩi
p1ip2i − miΩi
2
x1ix2i ,
J2i =
1
2
(p1ix2i + p2ix1i) ,
J3i =
1
4miΩi
(
p21i + p
2
2i
)
+
miΩi
4
(
x21i + x
2
2i
)
, (25)
where Ωi =
√
1
mi
(κi − γ
2
i
4mi
), and κi >
γ2
i
4mi
. Applying
now the canonical Poisson brackets {xαi, pβj} = δαβδij
we obtain the Poisson’s subalgebra
{J2i, J3i} = J1i , {J3i, J1i} = J2i ,
{J1i, J2i} = −J3i , {Jαi, Jβj}|i6=j = 0 . (26)
4The algebraic structure (26) corresponds to su(1, 1) ⊗
su(1, 1) algebra. The quadratic Casimirs for the algebra
(26) are defined as
C2i = J23i − J22i − J21i . (27)
The Ci explicitly read
Ci = 1
4miΩi
[(p21i − p22i) +m2iΩ2i (x21i − x22i)] . (28)
In terms of J2i and Ci the Hamiltonians Hi are given by
Hi = 2 (ΩiCi − ΓiJ2i) , (29)
where Γi = γi/2mi. Eq.(29) shows that Hi are of the
’t Hooft form, with the Ci and J2i playing the role of p’s,
and the Ωi and Γi the one of f(q)’s.
A further simplification can be achieved by introducing
the hyperbolic coordinates:
x1i = ri coshui ,
x2i = ri sinhui , ri ∈ R ;ui ∈ R . (30)
The corresponding conjugated momenta then are [20]
pri = p1i coshui + p2i sinhui ,
pui = p1iri sinhui + p2iri coshui . (31)
In these coordinates J2i and Ci have a particularly simple
structure [8], namely
Ci = 1
4Ωimi
[
p2ri −
1
r2i
p2ui +m
2
iΩ
2
i r
2
i
]
,
J2i =
1
2
pui . (32)
In Ref. [8] it is shown that the following canonical
transformations hold:
q1i =
∫
dzi miΩi
(4J22i + 4miΩiCizi −m2iΩ2i z2i )1/2
,
q2i = 2ui +
∫
dzi
zi
2J2i
(4J22i + 4miΩiCizi −m2iΩ2i z2i )1/2
,
p1i = Ci , p2i = J2i , (33)
with zi = r
2
i . One has {qi,pi} = 1, and the other Poisson
brackets vanishing.
Let us now consider the operatorial description of this
be-able dynamics. To this end we promote all the rele-
vant quantities, Hi, Ci, J2i and qi to operators. Note
that (qi) and separately (Ci, J2i) are two independent
sets of be-ables. The Casimir operators are [14, 21]:
Cˆ2i = Jˆ23i − Jˆ22i − Jˆ21i + 14 , (34)
where the factor 1/4 was introduce for convenience. Fol-
lowing ’t Hooft, we now write the above Hamiltonians in
the form
Hˆi = Hˆi+ − Hˆi− ,
Hˆi+ =
1
4ρˆi
(ρˆi + Hˆi)
2, Hˆi− =
1
4ρˆi
(ρˆi − Hˆi)2 .(35)
Choosing ρˆi = 2ΩiCˆi, and taking Cˆi > 0 (this can be
done, because Cˆi are constants of motion), the splitting
reads
Hˆi+ =
(Hˆi + 2ΩiCˆi)2
8ΩiCˆi
=
1
2ΩiCˆi
(2ΩiCˆi − ΓiJˆ2i)2 ,
Hˆi− =
(Hˆi − 2ΩiCˆi)2
8ΩiCˆi
=
1
2ΩiCˆi
Γ2i Jˆ
2
2i . (36)
Quantization emerges after the information loss condi-
tion is imposed locally, i.e. separately on each of the
Bateman oscillators:
Jˆ2i|ψ〉phys = 0 , (37)
which defines/selects the physical states and is equivalent
to
Hˆi−|ψ〉phys = 0, i = A,B . (38)
This implies
Hˆi|ψ〉phys = (Hˆi+ − Hˆi−)|ψ〉phys ,
= Hˆi+|ψ〉phys = 2ΩiCˆi|ψ〉phys , (39)
and
2ΩiCˆi|ψ〉phys =
[
1
2mi
(
pˆ2ri +m
2
iΩ
2
i rˆ
2
i
)− 2Jˆ22i
mirˆ2i
]
|ψ〉phys,
=
(
pˆ2ri
2mi
+
mi
2
Ω2i rˆ
2
i
)
|ψ〉phys . (40)
Eq. (40) reproduces, for each one of the systems A and
B separately, the result of Ref. [8], namely each one of
the Hamiltonians HA and HB reduces independently to
the Hamiltonian of a QM oscillator.
In Appendix 1 we discuss some properties of the phys-
ical states |ψ〉phys.
IV. TWO BATEMAN’S DUAL OSCILLATORS:
GLOBAL ILC
We now enforce the ILC globally, i.e., the condition
(11) will be applied on the composite system described
by the Hamiltonian HT = HA + HB. We will see that
the global enforcement of the ILC dictates the form of
the interaction between the component subsystems.
We start by writing the total Hamiltonian as
HT = HA +HB ,
= 2(ΩACA +ΩBCB)− 2(ΓAJ2A + ΓBJ2B) . (41)
The fact that the Casimirs Ci are constants of motion,
guaranties that, once they are chosen to be positive (as
we do from now on), they remain such at all times. Also
J2i are constants of motion ({Hi, J2i} = 0). We can
therefore define new integrals of motion:
C ≡ ΩACA +ΩBCB
Ω
, J ≡ ΓAJ2A + ΓBJ2B
Γ
, (42)
5where Ω and Γ are quantities to be defined shortly. Us-
ing the fact that Ωi > 0 and assuming that Ω > 0, we
conclude that
CA, CB > 0 ⇒ C > 0 . (43)
The positivity of C is guaranteed by our choice Ci > 0.
The Hamiltonian for the total system is
HT = 2ΩC − 2ΓJ , (44)
and it reproduces exactly the Hamiltonian of each one
of the two subsystems (cf. Eq.(29)). With the choice
ρ = 2ΩC, HT can be split as (cf. Eq. (36))
H+ =
(HT + 2ΩC)2
8ΩC =
1
2ΩC (2ΩC − ΓJ)
2 , (45)
H− =
(HT − 2ΩC)2
8ΩC =
1
2ΩCΓ
2J2 . (46)
Note that ρ ≡ 2ΩC is a positive integral of motion. C
and J are again be-ables because they are functions of
be-ables.
Now we switch to the operatorial description. Follow-
ing ’t Hooft, we impose the ILC on the observational
scale in the form
Hˆ−|ψ〉phys = Jˆ |ψ〉phys = 0 . (47)
This implies
HˆT ≈ Hˆ+ ≈ 2ΩCˆ , (48)
where ≈ indicates that operators are equal only on the
physical states. Since Jˆ = (ΓAJˆ2A+ΓBJˆ2B)/Γ, the con-
dition Jˆ ≈ 0 indicates that there must exist a relation
between Jˆ2A and Jˆ2B, which in turn implies a relation
between HˆA and HˆB. In other words, the global ILC
establishes an interaction between the two Bateman’s os-
cillators. We shall now study what kind of interaction
this will induce. Solving with respect to Jˆ2B , equation
(47) gives
Jˆ2B ≈ −ΓA
ΓB
Jˆ2A , (49)
which, when substituted into HT yields (see Eq. (32))
HˆT ≈ Hˆ+
≈
(
pˆ2rA
2mA
− 2Jˆ
2
2A
mA rˆ2A
+
1
2
mA Ω
2
Arˆ
2
A
)
+
(
pˆ2rB
2mB
+
1
2
mB Ω
2
B rˆ
2
B
)
− 2
mB
Γ2A
Γ2B
1
rˆ2B
Jˆ22A . (50)
Note that the emergent Hamiltonian HT in Eq. (50) is,
by construction, bounded from below. The term inside
the first parenthesis is 2 ΩACˆA. Such a term is constant,
because CˆA is an integral of motion. The second term
represents a QM oscillator, while the third corresponds
to a centripetal barrier. The inverse square potential
1/r2 is analogous to the centrifugal contribution in polar
coordinates and one may thus expect an exact solvability.
The only difference here is that r ∈ R and not merely R+.
The system with the Hamiltonian
H =
N2
2
p2rB +
Q2
2
r2B +
R2 −N2/4
2r2B
, (51)
and
rB ∈ R, N,Q,R ∈ R+ ,
is known in quantum optics and in theory of coherent
states [22, 23] as the isotonic oscillator [15]. Its spectrum
can be exactly solved by purely algebraic means since the
Hamiltonian admits a shape-invariant factorization [24].
The energy eigenvalues read [24, 25]
En,∓ = QN
(
2n∓ R
N
+ 1
)
, n ∈ N . (52)
If R/N ≤ 1/2, the potential is attractive in the origin,
and both the negative and positive sign must be taken
into account [25]. The positive sign in front ofR/N has to
be taken when R/N > 1/2. The inverse square potential
is then repulsive at the origin, so the motion takes place
only in the domain rB > 0.
Since in our case
N2 =
1
mB
, Q2 = mBΩ
2
B,
R2
N2
=
1
4
−
(
2ΓA
ΓB
µA
)2
,
the actual spectrum of (50) is
En,∓(c, µA)=ΩB

2n ∓
√
1
4
−
(
2ΓA
ΓB
µA
)2
+1

+c ,
n ∈ N , (53)
where c is a constant term due to the presence of 2ΩACˆA
in Eq.(50) and µA ≈ Jˆ2A. Note that when ΓA is small
(in particular 2ΓAµA/ΓB ≪ 1/2), the inverse square po-
tential in (50) can be neglected and the system reduces
to that of a QM linear oscillator with a shift term c. This
follows also directly from the spectrum (53) provided we
set ΓA = 0 and consider both signs. In Appendix 2 we
consider the case mA = mB = M , ΩA = ΩB = Ω. Then
our system reproduces the Smorodinsky–Winternitz sys-
tem [25] and is related to the Calogero–Moser system [26].
It is interesting to consider the case where µA is an
imaginary number, i.e., when Jˆ2A belongs to a non-
unitary realization of the Dj series (see Appendix 1).
Then R/N > 1/2, the potential in (51) is repulsive, and
the motion takes place only in the domain rB ≥ 0. This
allows to us to view rB as a radial coordinate and the in-
verse square potential in (50) and (51) as a rotationally
6invariant interaction of the spin-orbit type. To see this
we rewrite the interaction potential in (50) in the form
Hˆint ≈ 2
mB
ΓA
ΓB
1
rˆB
∂V
∂rB
(JˆB · JˆA) ,
V = log rB . (54)
Here we have used (49). We now formally identify JB =
iL and JA = iS, where L plays the role of the orbital
angular momentum of the “particle” B and S plays the
role of its “spin”. The interaction energy then reads
Hint = − 2
mB
ΓA
ΓB
1
rB
∂V
∂rB
(L · S)
≡ − g
2mBc2
1
rB
∂V
∂rB
(L · S) , (55)
where we have identified ΓA/ΓB with g/4c
2, i.e. with a
quarter of the gyromagnetic factor (on the second line in
(55) we have included Thomas’s factor 1/2). The func-
tion V thus plays the role of the planar radial scalar
electromagnetic potential. Note that V is the harmonic
function in the plane, i.e., ∇2V (rB) = δ(rB).
Eqs.(54) and (55) can be written as
Hint = −µ ·B (56)
with
B =
2
mB
1
ΓB
1
rB
∂V
∂rB
JB , (57)
µ = −ΓAJA = −ΓAiS , (58)
thereby suggesting the following interpretation of the
emergent global quantum system: In the interaction re-
gion (small rA, rB) B plays the roˆle of a magnetic field
acting on the planar system of magnetic moment µ. JB
is the orbital angular momentum of the particle “B” and
it is orthogonal to the plane where the system lies, as it
is the magnetic field B. Existence of the oscillator “A” is
reflected in the constant term contribution 2ΩACˆA and in
the spin of the particle “B” in the spin-orbit interaction
term.
We note that also the spin JA ≡ iS is orthogonal to
the configuration plane. In conclusion, the emergent
global QM system can be interpreted as a particle in a
magnetic field, with a spin-orbit interaction term.
Far from the interaction region (large rA, rB), the in-
teraction is switched off and the asymptotic emergent
QM Hamiltonian reads
HˆT ≈ Hˆ+
≈
(
pˆ2rA
2mA
+
1
2
mAΩ
2
Arˆ
2
A
)
+
(
pˆ2rB
2mB
+
1
2
mBΩ
2
B rˆ
2
B
)
(59)
The system is still a genuine QM system because both
the two non interacting quantum harmonic oscillators are
bounded from below. For small r2A, r
2
B the interaction
term is relevant and the global system is no further de-
composable into two independent subsystems.
Summarizing, before imposing the information loss
condition on the global system, we have two non inter-
acting, independent oscillators. The enforcement of the
dissipation constraint on the global system gives rise to
the interaction J2A ↔ J2B . So the constraint dictates
the form of the interaction. This depends on the dis-
sipations constants ΓA,ΓB and can be switched off by
setting ΓA → 0. Dissipation thus plays a key roˆle in the
interaction.
V. FURTHER REMARKS
One can draw an interesting parallel with the conclu-
sions reached in Ref. [27]. There, the authors consider a
deformed special relativity (DSR) model which requires
a Planck constant ~ dependent on the energy scale. In
particular, in their model ~(E)→ 0 for E → EP , where
E is the energy scale of the particle to which the de-
formed Lorenz boost is to be applied, while EP is the
Planck scale energy. The Planck scale plays in Ref. [27]
an analogous roˆle as the be-able scale in the ’t Hooft case.
The basic commutator in [27] is written as
[
qˆi, pˆkinj
]
= δij
(
1− E
EP
)
~ , (60)
where pˆkinj indicates the kinetic momentum operator
(i.e., pˆkinj ∝ dqˆj/dt). In this connection note that the
pˆi introduced in Section II is just an auxiliary variable
fulfilling [qˆi, pˆj ] = δ
i
j at be-able scale, while the pˆ
kin
j full-
fils at be-able scale [qˆi, pˆkinj ] = 0 (cf. Eq. (8)). According
to (60) the effective Planck constant runs with energy as
~(E) = ~(1 − E/EP ). For energies E ≪ EP the usual
Heisenberg commutator is recovered, but when E = EP
one has ~(EP ) = 0. Hence in this model the world is clas-
sical at the Planck scale, exactly as evoked in the ’t Hooft
proposal, provided one identifies the be-able scale with
the Planck scale.
To be more precise, from the viewpoint of the present
paper, the operators qˆ, pˆkin should also depend on the
energy scale. In fact, at the Planck scale they cannot
represent anymore macroscopic concepts as position or
momentum, but they will likely represent be-able de-
grees of freedom of unknown nature. One should thus
more correctly write qˆi (E/EP ) and pˆ
kin
j (E/EP ) where,
in general, qˆ(0) = qˆ, but qˆ(E/EP ) 6= qˆ for 0 ≪ E ≤ EP
(and analog relations hold for pˆkin). Surely further inves-
tigations on the connections between DSR models and ’t
Hooft proposal deserve deeper attention.
A further interesting remark is that the ’t Hooft’s ILC
(11) and (12) accounts for a huge information loss that
happens in the transition from the be-able scale to the
observational one. Along the line of the previous obser-
vation, we can go beyond ’t Hooft’s constraint by assum-
ing that the “coarse graining” condition scales with the
7energy ( distinguishability of primordial states degrades
with the lowering of energy scale). A simple model that
exhibits energy dependence (energy-scale running) for Φˆ
is [28]
ΦˆE =
(
1− e−(EP−Hˆ+)Hˆ−1+
)
Hˆ− , (61)
where E refers to the observer’s energy scale, while EP is
the be-able energy scale, which we take to be the Planck
energy. An interesting connection with the basic de-
formed commutator (60) can be established by noting
that, from Eq.(60) follows that on physical states,(
1− Hˆ+
EP
)
=
1
n~
[
qˆi, pˆkini
]
(62)
and therefore ΦˆE can be rewritten as
ΦˆE =
(
1− e− [qˆi,pˆkini ]Hˆ−1+ EP /(n~)
)
Hˆ− . (63)
Here the roˆle of the commutator (60) in defining the
coarse-graining operator ΦˆE is evident. The operator
ΦˆE is then, as usual, implemented as a constraint on the
be-able Hilbert space H. Therefore at the observational
energy scale E, the observed physical states |ψE〉phys
must satisfy the condition
ΦˆE |ψE〉phys = 0 . (64)
This equation identifies the be-able states that are still
distinguishable at the observational scale E. The con-
straint (64) is still a first class primary constraint be-
cause [ΦˆE , ΦˆE ] = 0 and [ΦˆE , Hˆ] = 0. So again it gener-
ates gauge transformation [19] and produces equivalence
classes of states which are again generally non-local.
Now the group of the gauge transformations generated
by ΦˆE is a one parameter group GE . The equivalence
classes obtained by such gauge transformations repre-
sent at each fixed scale E the physical states (i.e., ob-
servables). So the space of the observables will be now
denoted by OE , and identified with the quotient space
OE = Hc/GE . (65)
The quotient space OE (its structure and dimensionality)
depends on the energy scale E. In particular, at the
level of be-ables where E = EP the constraint ΦˆE is
identically zero and the space of observables is directly
the Hilbert space H. On the other hand, when E ≪ EP ,
e.g., at scales available to a human observer, we have Φˆ =
Hˆ−. The latter is the constraint originally considered by
’t Hooft [1, 2]. In Section II we have dealt precisely with
this case.
VI. CONCLUSIONS
In this paper we have considered the problem of quan-
tization of a composite system, in the framework of the
quantization scheme proposed by G. ’t Hooft [1]. The
presented analysis extends the results developed in a pre-
vious paper [8], where only a single Bateman’s dual os-
cillator was considered. In this latter case a quantum
harmonic oscillator was shown to emerge after the ILC
was enforced [8].
In the present paper, we have considered two Bate-
man’s dual oscillators and shown that in this case two
possibilities arise: one is to impose the ILC locally, i.e.,
on each BO separately, thus arriving at two independent
quantum harmonic oscillators. Another possibility is to
apply the ILC globally, i.e., to the composite system of
two BO, and this in turn leads to an interacting quantum
system. We have worked out both possibilities and have
shown that the second option leads to an emergent quan-
tum systems which can be identified with the quantum
isotonic oscillator [15]. For certain values of parameters
this can be interpreted as a particle interacting through
a spin-orbit interaction term with an effective magnetic
field. Such results are interesting also because they show
explicitly that the ILC actually determines the form of
the interaction term, and the dissipation controls the in-
teraction strength.
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Appendix 1
In this Appendix we comment more on the physical
states |ψ〉phys by closely following Ref. [14]. We denote
by H = {|ji, li〉, i = A,B}, the states corresponding to
simultaneous eigenstates of Jˆ3i and Cˆi. These fulfill [21]:
Jˆ3i|ji, li〉 =
(
li +
1
2
) |ji, li〉 , (66)
Cˆi|ji, li〉 = ji|ji, li〉 . (67)
The corresponding unitary irreducible representations
(UIR’s) can be grouped into three independent non-
overlapping classes (series) according to the spectrum of
Cˆi and Jˆ3i. Eigenvalues li are in all three series real and
discrete. On the other hand, the operators Cˆi and Jˆ2i
generate the so-called non-compact hyperbolic subgroup
of su(1, 1) (see, e.g., Refs. [29, 30]). The corresponding
UIR’s fall into three series. However, the spectrum of Jˆ2i
8is either R⊗Z2 or R [30]. The latter depends on the ac-
tual series. Besides UIR’s, there exist also (non-unitary)
representations in which case Jˆ2i has discrete complex
spectrum. The usual argument that a self-adjoint op-
erator has only real eigenvalues does not apply in this
case because here one deals then with the extension of
Jˆ2i (that is self-adjoint in a Hilbert space H), to a larger
space D = {|Ψji,µi〉, i = A,B},
Jˆ2i|Ψji,µi〉 = µi|Ψji,µi〉 , (68)
Cˆi|Ψji,µi〉 = ji|Ψji,µi〉 , (69)
in which H is dense. It can be shown [30] that such
an extension is nothing but the closure by continuity of
continuous operators defined originally on the dense sub-
space H.
The choice of a representation corresponding to phys-
ical Hilbert space O is tightly connected with the fact
that the state space of the underlying be-able system is
D ⊗ D and that the spectrum of Hˆi should correspond
to poles of the resolvent operator Rz(Hˆi) = (Hˆi − z)−1.
This restricts to a non-unitary realization of the discrete
principal series Dj [14, 31, 32]. The series Dj comes in
two copies, namely D+j and D
−
j (where D
−
j ∩D+j = {60}).
It was shown in Refs. [14, 33, 34] that for BO’s D+j corre-
sponds to the forward-time dynamics while D−j describes
the backward-time dynamics. Denote the generalized
eigenvectors belonging to D±j as |Ψ±j,µ〉, then [14, 30]
Jˆ2i|Ψ±ji,µi〉 = ±µi|Ψ±ji,µi〉 , (70)
Cˆi|Ψ±ji,µi〉 = ji|Ψ±ji,µi〉 , (71)
with ji = 0,± 12 ,±1,± 32 , . . . and µi = i(li+ 12 ), li = |ji|+
mi, mi ∈ N. There exits a natural outer automorphism
between D+j and D
−
j which can be on a physical level
identified with the time reversal operation [14, 32, 33], in
particular
D+j = T (D−j ) , D−j = T (D+j ) , (72)
where T is the time reversal operator.
By imposing the constraint (37) one can identify the
physical states |ψ〉phys with states{|ψ+jA,µA〉 ⊕ |ψ−jAµA〉}⊗ {|ψ+jB ,µB 〉 ⊕ |ψ−jB ,µB 〉} . (73)
Here |ψ±ji,µi〉 belongs to a two-dimensional space spanned
by vectors {|Ψ±−ji,µi〉, |Ψ±ji,µi〉}.
Appendix 2
By considering mA = mB = M , ΩA = ΩB = Ω, (this
can be achieved by properly rescaling canonical variables
and Hamiltonian), we rewrite (50) as
HˆT ≈ Hˆ+ ≈
pˆ2rA + pˆ
2
rB
2M
+
1
2
MΩ2(rˆ2A + rˆ
2
B)
− 2
M
(
1
rˆ2A
+
Γ2A
Γ2B
1
rˆ2B
)
Jˆ22A , (74)
which is known as the two-dimensional Smorodinsky–
Winternitz system [25]. It belongs to a class of
two-dimensional maximally super-integrable models [35].
Through its centripetal term, the system (74) is related
to the Calogero–Moser system [26].
The spectrum of (74) can be written in the form [25]
EnA,nB (µA) = Ω
(
2(nA + nB) ±
√
1
4
− 4µ2A
±
√
1
4
−
(
2µAΓA
ΓB
)2
+ 2

 , (75)
where nA, nB ∈ N. Note that for the attractive poten-
tial both signs must be taken into account, while for the
repulsive one only “+” sign counts.
When µA is a real number in (75), i.e., when Jˆ2A be-
longs to a unitary realization of the Dj series, then both
potentials in (74) are attractive. As a result the motion
takes place in the domain (rB , rA) ∈ R2 and both signs
in (75) must be taken into account. To avoid “fall” to the
center [15] both square roots in (75) must be real num-
bers. This implies that µA ∈ [−1/4, 1/4] and restricts
the possible values of ΓA/ΓB to the interval [−1, 1].
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